Abstract. We generalize the lexicographic product of relational first order structures, as defined in a previous paper by the author, and construct a product of infinitely many relational structures. We prove that this product, in some sense, preserves the notion of ultrahomogeneity and use this result to construct a rigid elementarily indivisible structure, answering a question of A. Hasson, M. Kojman and A. Onshuus.
Introduction
The notion of indivisibility of relational first-order structures and metric spaces is well studied in Ramsey theory. ( [DLPS07] , [EZS93] , [EZS94] , and [KR86] are just a few examples of the extensive study in this area.) Recall that a structure M in a relational language is indivisible, if for every coloring of its universe in two colors, there is a monochromatic substructure M ′ ⊆ M such that M ′ ∼ = M. Rado's random graph, the ordered set of natural numbers and the ordered set of rational numbers are just a few of the many examples. Weakenings of this notions have also been studied (see [Sau14] ). A known extensively studied strengthening of this notion is the pigeonhole property (see [BCD00] , [BD99] ). For an extensive survey on indivisibility see [Fra00, Appendix A] .
In the last section of [HKO11] , a strengthening of the notion of indivisibility was introduced:
Definition 0.1. we say that M is elementarily indivisible if for every coloring of its universe in two colors, there is a monochromatic M ′ ⊆ M such that M ′ is isomorphic to M and M ′ is an elementary substructure of M.
Question 0.4. Is there a rigid (i.e. with trivial automorphism group) elementarily indivisible structure?
In [Mei16] the author investigated a product of structures called the (generalized) lexicographic product as defined in Definition 1.2. The main result of [Mei16] states that the generalized product admits quantifier elimination relative to its components. The precise statement is given in Theorem 1.4. Using this construction, a method was given for constructing an example answering Question 0.3 while Question 0.4 remained open, until now.
In this paper, we show how taking iterations of the product defined above can be seen as products induced by finite trees of structures -as defined in Definition 2.4. We observe that the results from [Mei16] easily extend to this definition in the case where the height of the tree inducing the product is finite.
In Section 2, we mainly consider the tree inducing the product to be infinite and even not necessarily of countable height. The main result of this paper (Theorem 2.13) states roughly that for every regular cardinal κ, a tree product of κ many ultrahomogeneous structures of size κ is elementarily equivalent to an ultrahomogeneous structure of size κ.
In Section 3, we apply this result to give a method for constructing countable rigid elementarily indivisible structures, answering a question from [HKO11] negatively. 0.1. acknowledgements. This paper was written during the author's PhD studies at the Mathematics Department at Ben-Gurion University of the Negev under the supervision of Dr. Assaf Hasson. The author would like to thank Prof. Menachem Kojman for the fruitful discussions. The author also thanks Omer Mermelstein for helpful feedback on a preliminary version of this paper. The author is supported by the Prof. Hillel Gauchman Memorial Scholarship and would like to express his deep gratitude to the family of donors. The author is also partially supported by ISF Grant No. 186/16.
Preliminaries -finite products
In this section we recall definitions and results from [Mei16] . For the convenience of the reader, We include all relevant references to [Mei16] in this section. Notation 1.1. For an L-structure M and a subset A ⊆ M, we denote by S M n (A) the set of all the complete n-types over A.
In case there is no chance of ambiguity, we may omit M so that tp(ā/A) := tp M (ā/A). For p ∈ S M n (A) we denote by p qf the set of all the quantifier-free formulas in p.
. Let M, {N a } a∈M be structures in a relational language L. Let M, {N a } a∈M be their universes, respectively. The generalized lexicographic product M[N a ] a∈M is the L-structure whose universe is a∈M {a} × N a where for every n-ary relation R ∈ L we set
s is defined similarly. 
both model an L ∪ {s}-theory which eliminates quantifiers, so the
. There is a sequence {A i } i∈ω of pairwise-nonisomorphic countable elementarily indivisible structures, in a finite language, such that A i ≺ A j for all i, j ∈ ω. Furthermore, A 0 can be chosen to be ultrahomogeneous.
Tree products
We can iterate the product defined in Definition 1.2 any finite number of times, and this product is in fact associative:
If we identify N a with {a} × N a using the bijection b → (a, b), then
If L does not contain any unary predicates and I is a structure whose universe is a singleton, then
In the following section we rigorously define this iteration process as a product of a (not necessarily finite) tree of structures.
Definition 2.1. A Hausdorff tree is a partially ordered set T, < such:
(1) There is r ∈ T such that r ≤ t for all t ∈ T , denote such r by root(T ).
(2) { s ∈ T | s < t } is well ordered for all t ∈ T . (3) For every a, b ∈ T such that a = b, the set { t ∈ T | t ≤ a, b } has a maximum, denoted by a ∧ b.
Notation 2.2. Let T, < be a Hausdorff tree.
• branch(T ) is the set of maximal <-chains.
• leaf(T ) is the set of <-maximal elements in T .
• height(t) is the order type of { s ∈ T | s < t } for t ∈ T .
• height(S) :
and α any ordinal.
•
Notice that if T is a Hausdorff tree, then so are T ↾ α and T t for all t ∈ T . Since every branch b is well-ordered, we can define the successor function (1) Let T, < be a Hausdorff tree. If (M t ) t∈int(T ) is a family of structures in a relational language L indexed by T , such that each M t is a structure whose universe is succ(t), then we call T, <, (M t ) t∈T \leaf(T ) a family tree.
(2) If T, <, (M t ) t∈T \leaf(T ) is a family tree, we define the product t∈T M t to be the L-structure whose universe is branch(T ) where for every k-ary relation R ∈ L we set
for all α < height(T ).
Observation 2.5. If Th(M t ) is transitive for all t ∈ T andā is a tuple in
Notice that, by finite induction, Theorem 1.4, Proposition 1.5 and Proposition 1.6 easily extends to tree products where height(T ) is finite. In this section we generalize these results to the case where height(T ) may be infinite. Without loss of generality, we assume that T is leveled and of infinite cofinality. otherwise, we may add singleton structures to the tree where needed, and so leaf(T ) = ∅ and we denote the family trees by T, <, (M t ) t∈T .
Remark 2.6. Notice that for 1 ≤ α < height(T ),
Lemma 2.7. Let T, <, (M t ) t∈T , T, <, (N t ) t∈T be family trees, such that N t0 embeds (elementarily) into M t0 and N t ∼ = M t for all t ∈ T \ {t 0 }. Then there is an (elementary) embedding e :
Without loss of generality, we assume N t0 ⊆ M t0 N t0 and N t = M t for all t ∈ T \ {t 0 }. Ifs =s 1 ⌢ s α ⌢ s α+1 ⌢s 2 wheres ↾ α =s 1 and height(t 0 ) = α, then by remark 2.6,
and if N t0 ≺ M t0 then by Proposition 1.6, the inclusion above is elementary.
Definition 2.8. We say a substructure N ⊆ t∈T M t is dense if for every t ∈ T , there is some a ∈ N such that t ∈ a.
Remark 2.9. The following are equivalent: • There is some 1 ≤ α ≤ height(T ) such that ifs =s 1 ⌢ s α ⌢s 2 then for all t ∈ T , if height(t) = α then N t := { a ∈ N | a ∋ t } is dense in s2 u∈Tt M u , and so
Definition 2.10. Let M be a first order structure. We recall some standard definitions
• M is weakly κ-ultrahomogeneous if for every A, B ⊂ M where |A| = |B| < κ, for every partial isomorphism f : A → B, and for every c ∈ M there is some d ∈ M such that f ∪ {c, d} is a partial isomorphism.
• M is strongly κ-ultrahomogeneous if for every A, B ⊂ M where |A| = |B| < κ, for every partial isomorphism f : A → B, there is an automorphism f ⊂ f : M → M.
• If κ = |M| these notions coincide and we call M simply ultrahomogeneous.
Lemma 2.11. Let T, <, (M t ) t∈T be a family tree and let κ ≤ cf(T ) be a cardinal such that Th(M t ) is transitive and M t is weakly κ-ultrahomogeneous for all t ∈ T and height(t) = height(u) =⇒ M t ∼ = M u for all t, u ∈ T .
If N ⊂ Proof. Letā, b ∈ s t∈T M t andc ∈ N where |ā| = |c| < κ and tp qf (ā) = tp qf (c). To prove both 1 and 2, it suffices to find some d ∈ N such that tp qf (ā, b) = tp qf (c, d). Let f :ā →c be a partial isomorphism. Let
Notice that unless b ∈ā, in which case the proof is trivial, m exists and m < height(T ). Now let t 0 be the only t ∈ T of height m such that b ∋ t. Let A 0 := { a ∈ā | a ∋ t 0 }. Notice that A 0 is the s α -equivalence class of b inā.
• If A 0 = ∅ then f (A 0 ) is also an equivalence class. Let t 1 the node inducing the class, i.e.
is weakly κ-ultrahomogeneous, and |f (A 0 )| < κ, it follows that there is some s ∈ M t1 such that
By density of N , there is some d ∈ N such that d ∋ s and and therefore, by Observation 2.5, tp qf (ā, b) = tp qf (c, d).
• If A 0 = ∅, by definition of m and t 0 , there is δ < κ and t η,0 | η < δ ⊂ b such that t 0 = sup { t η,0 | η < δ }. For each η < δ, let A η,0 := { a ∈ā | a ∋ t η,0 }. A η,0 = ∅ for all η < δ. Let A η,1 := f (A η,0 ) for all η < δ and let t η,1 be such that A η,1 = { c ∈c | c ∋ t η,1 }. Clearly height(t η,1 ) = height(t η,0 ) and if t 1 := sup { t η,1 | η < δ } then height(t 1 ) = height(t 0 ). Now, by density of N , we can find d ∈ N such that d ∋ t 1 . By Observation 2.5, tp
Definition 2.12. Let κ be a regular cardinal. Let T, <, (M t ) t∈T be a family tree and let S ⊂ T . We say T, <, (M t ) t∈T is κ-pure except for S if:
(1) |T | = |M t | = κ and M t is transitive and ultrahomogeneous for all t ∈ T \S.
(2) height(t) = height(u) =⇒ M t ∼ = M u for all t, u ∈ T \ S. T, <, (M t ) t∈T is almost κ-pure if it is κ-pure except for a set height < height(T ). T, <, (M t ) t∈T is κ-pure if it is κ-pure except for ∅. T, <, (M t ) t∈T is (almost) pure if it is (almost) κ-pure for some regular κ.
Theorem 2.13. Let T, <, (M t ) t∈T be an almost κ-pure family tree.
(1) up to isomorphism, there is a unique dense substructure D ⊂ s t∈T M t of size κ.
(2) if T, <, (M t ) t∈T is κ-pure then such D is transitive and ultrahomogeneous.
Proof. First, assume T, <, (M t ) t∈T is κ-pure. Let N 1 , N 2 ⊂ s t∈T M t be two dense substructures of size κ. By Lemma 2.11, they are both ultrahomogeneous, thus to prove both 1 and 2 it is left to show that N 1 ∼ = N 2 . For that, by Lemma 2.11, every substructure A ⊂ N 1 is embeddable in N 2 and vice-versa. Using this fact and ultrahomogeneity, a standard back-and-forth argument yields an isomorphism between N 1 and N 2 .
Next, if T, <, (M t ) t∈T is κ-pure except for a set S ⊂ T with height(S) < height(T ). Let height(S) < α < height(T ). By Remark 2.6, M u for all a ∈ s1 t∈T ↾α M t . Now, by the assumption T sup(a) , <, { M u } u∈T sup(a) is κ-pure for all a ∈ s1 t∈T ↾α M t , So D a is unique up to isomorphism and thus so is D.
Corollary 2.14. Let T, <, (M t ) t∈T be an almost κ-pure family tree, if
Proof. Since |T | = κ, we can find B i of size κ, dense in D i , for i = 1, 2. By Loewenheim-Skolem, let A i be an elementary substructure of size of D i of size κ containing B i . By Theorem 2.13, A 1 ∼ = A 2 , so
Corollary 2.15. Let T, <, (M t ) t∈T be an almost κ-pure family tree, let U, <, (N u ) u∈U be a family tree and let D 1 , D 2 be dense substructures of size κ in
Proof. By construction, clearly
Proof. Let height(t 0 ) < α < height(T ). Then
Since D is dense, we can write
where D a are dense in
So D ′ is dense, of size κ, and the full lemma now follows from Lemma 2.7.
Lemma 2.17. Let T, <, (M t ) t∈T be a family tree. If N t ⊆ M t for all t ∈ T , then for all D of size κ ≥ |T | dense in
Proof. Let {t i } i<|T | be some enumeration of T . For j ≤ |T |, define P j t as follows. • If j is a limit ordinal we have the following.
, it is in fact dense in it and therefore so is D j and it is of size κ as |j| ≤ |T | ≤ κ. Furthermore, if N t ≺ M t for all t ∈ T then D j is a union of an elementary chain containing D and therefore D ≺ D j .
Corollary 2.18. Let T, <, (M t ) t∈T be a κ-pure family tree. If
Proof. Let D ′ be as promised from Lemma 2.17. By Theorem 2.13, D ′ is unique up to isomorphism.
The (elementary) indivisibility of the infinite product
Since this section deals with notions studied almost solely in the countable case, we restrict ourself to that case where the structures of the family tree, as well as the trees themselves are all countable. Observe that if T, < is a leveled countable tree such that | succ(a)| ≥ 2 for all a ∈ int(T ), then height(T ) ≤ ω.
Theorem 3.1. If T, <, (M t ) t∈T is an ω-pure family tree where M t is indivisible for all t ∈ T and D ⊂ s t∈T M t is a countable dense substructure, then D is elementarily indivisible.
Proof. By Theorem 2.13, Item 2, D is ultrahomogeneous, so indivisibility and elementary indivisibility coincide. To prove indivisibility, let c : D → {red, blue}. By Theorem 2.13, it suffices to find a subtree S ⊂ T and a tree isomorphism θ :
is an isomorphism of L structures, and a countable dense monochromatic substructure D 2 ⊂ t∈S M t .
We color T as follows.
C(t) = blue if { a ∈ D | a ∋ t } contains an all-blue copy of itself red if not.
If C(root(T )) = blue then we are done. Otherwise, we continue constructing a C-red S and θ : S → T by induction on height(t):
(1) S 0 = root(T ); θ 0 = (root(T ), root(T )).
(2) For all s ∈ S α , by indivisibility of M s , either B(s) := { t ∈ succ(s) | C(t) = blue } or R(s) := { t ∈ succ(s) | C(t) = red } contains an isomorphic copy of M s . If B(s) would have contained an isomorphic copy, by Remark 2.6 and Proposition 1.5, C(s) = blue. Contradiction. So R(s) contains an isomorphic copy of M s , let θ s : R(s) → M s be such an isomorphism. To conclude we define S α+1 := ∪ s∈Sα R(s) and θ α+1 := ∪ s∈Sα θ s (3) Since height(T ) ≤ ω, there are no limit ordinals in height(T ).
is an isomorphism of L structures. Since C(s) = red for all s ∈ S, by definition of C, there is a countable dense all-red D 2 ⊂ s∈S M s .
Theorem 3.2. There is a countable rigid elementarily indivisible structure, in a finite language.
Proof. We first give an example in an infinite language and then present a structure in a finite language that is inter-definable with the first, i.e. a structure on the same underlying set with same ∅-definable sets.
For the first example, in an infinite language: Let {A i } i∈ω be a set of pairwisenon-isomorphic countable elementarily indivisible structures, in a finite language L, such that A i ≺ A j for all i, j ∈ ω such that A 0 is ultrahomogeneous, as provided by Lemma 1.7. Let T, < be ω <ω endowed with the inclusion order, i.e. for a, b ∈ ω <ω , a ≤ b if a ⊆ b (or a ↾ n = b for some n ∈ N). Let σ i | i ∈ ω be an enumeration of T . Let M Now to get the result in a finite language, we notice that s i is definable from R, for all 1 ≤ i < ω:
• s 1 (x, y) ↔ ¬R(x, y) ∨ ∃z ¬R(x, z) ∧ ¬R(y, z)
• s 2n (x, y) ↔ s 2n−1 (x, y)∧ R(x, y)∨∃z s 2n−1 (x, z)∧R(x, z)∧R(y, z) for n ≥ 1.
• s 2n+1 (x, y) ↔ s 2n (x, y)∧ ¬R(x, y)∨∃z s 2n (x, z)∧¬R(x, z)∧¬R(y, z)
for n ≥ 1.
So D and D ↾ L ∪ {R} are inter-definable, and the latter is in a finite language.
